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Abstract. Katzarkov has proposed a generalization of Kontsevich's mirror symmetry 
conjecture, covering some varieties of general type. Seidel [Sel] has proved a version of 
this conjecture in the simplest case of the genus two curve. Basing on the paper of Seidel, 
we prove the conjecture (in the same version) for curves of genus g > 3, relating the 
Fukaya category of a genus g curve to the category of Landau-Ginzburg branes on a 
certain singular surface. 

We also prove a kind of reconstruction theorem for hypersurface singularities. Namely, 
formal type of hypersurface singularity (i.e. a formal power series up to a formal change 
of variables) can be reconstructed, with some technical assumptions, from its D (Z/2)- G 
category of Landau-Ginzburg branes. The precise statement is Theorem 11.21 



1. Introduction 

The Homological Mirror Symmetry conjecture relates symplectic and algebraic geometry 
through their associated categorical structures. Kontsevich's original version [Kol] con- 
cerned Calabi-Yau varieties. Now, there are complete proofs of some cases \AS\ \PZ\ ISe3] 
and partial results for many more |KSt IF], Soon after, Kontsevich proposed an analogue 
of the conjecture for Fano varieties. It seems that, more generally, varieties with effective 
anticanonical divisor provide a natural context |Au| . The mirror in this case is a Landau- 
Ginzburg model, i.e. a variety together with a holomorphic function. Because of this 
asymmetry, the two directions of the mirror correspondence lead to substantially different 
mathematics. In this paper, Landau-Ginzburg models are considered algebro-geometrically, 
through matrix factorizations or, equivalently, Orlov's Landau-Ginzburg branes |0r2| . 

Recently, Katzarkov |Kat IKKPj has proposed an extension of Homological Mirror Sym- 
metry, encompassing some varieties of general type. The mirror is a Landau-Ginzburg 
model. Abouzaid, Auroux, Gross, Katzarkov, and Orlov have explored both directions of 
the correspondence, and accumulated large amounts of evidence (for instance, K-theory 
computations |Ab[ lOrf] ). One direction of Katzarkov's conjecture was proved by Seidel in 
the case of the genus 2 curve [Sel] . The main aim of this paper is to prove it in the case 
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of curves of genus > 3. Actually, we follow the steps of Seidel's proof in the genus 2 case, 
and generalise it to genus g > 3 case. 

Let M be a curve of genus g > 3, equipped with a symplectic structure. Its mirror is a 
three-dimensional Landau-Ginzburg theory X — )• C , whose zero fibre H C X is the union 
of (g + 1) surfaces. Details of the construction of this mirror will be given in Section [51 Let 
T{M) be the Fukaya category of M, and D'^ {F[A'I)) its split-closed (Karoubi completed) 
derived category. On the other side, take Dsg{H) to be the category of Landau-Ginzburg 
branes, and let Dgg{H) be the split-closure of that. The main result of the paper is the 
following. 

Theorem 1.1. There is an equivalence of triangulated categories, D'^{F{M)) = Dsg{H). 

The main ideas in the proof are the same as in [Selj . We now sketch the steps of the 
proof, simultaneously fixing the notation. 

Take V = C^. We write for the standard basis vectors of V, thought of as constant 
vector fields, and Zk for the dual basis of functions. The superpotential is the polynomial 

(1.1) W = -z^Z2Z^ + z\^^^ + z^^+i + zl'^^ G C[y^]^^ 

where K = '^/{2g + 1) is the subgroup of SL{V) generated by the diagonal matrix 
diagiCCe'-') with C = exp(|^). 

An orbifold covering: We represent M as a covering of a genus zero orbifold M, where 
the covering group is S = Hom(iC, C*) = TLji^g -|- 1). We choose a collection of (2g -|- 1) 
curves Li,...,L2g+i which split-generate D'^F{M), and which all project to the same 
immersed curve L G M. The Floer cohomology of L is isomorphic the exterior algebra 
A(y), but with nontrivial higher order Aoo- operations. We compute some higher products 
which we need using basic combinatorial techniques. This computation is analogous to that 
of [HiT], Section 9. 

Kontsevich fomality: The graded algebra A(y) admits a rich moduli space of 
Z/2- graded ^oo- structures. The relevant deformation theory is governed by the differ- 
ential graded Lie algebra of Hochschild cochains. We apply a version of the formality 
theorem from [Ko2j . and standard tools from Maurer-Cartan theory, to reduce this to a 
problem about polyvector fields on V. It turns out that the Aqq- structure encountered 
in the Floer cohomology computation, corresponds to the (gauge equivalence class of) the 
superpotential W. This part of the paper generalizes [Selj . sections 3 and 4. Technical 
details here are more complicated than in [Sel]. 

Koszul duality: The cohomology level category of Landau-Ginzburg branes is known to be 
equivalent to that of matrix factorizations of W [Or2j . In our case, the structure sheaf of the 
origin Oq is a split-generator in LG branes. We take the matrix factorization corresponding 
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to this skyscraper sheaf Oq . The endomorphism DGA of this matrix factorization turns 
out to be quasi-isomorphic to the A^q- algebra computed on the Fukaya side. Namely, the 
cohomology super-algebra of this DGA is isomorphic to the exterior algebra A(y) and 
again the resulted Ao^- structure corresponds to the superpotential W in polyvector fields. 
This part generalizes |Sel| . sections 10, 11. 

Here we also prove the following general reconstruction theorem (more precise formulation 
is Theorem 17. II): 



Theorem 1.2. Let k be a field of characteristic zero, n > 1, and V = V^. Let W = 

d 

^ Wi G k[y'^] he a non-zero polynomial, where Wi G Sym*(l/^). Then W can he recon- 
1=3 

structed, up to a formal change of variables, from the quasi-isomorphism class of D (Z/2)- G 
algebra Bw = RHom£)_,^(i4/-i(o))(Co) C'o), the endomorphism DG {Z/2)- graded algebra of 
the structure sheaf Oq in Dsg{W~^{0)), together with identification H'{]3w) — ^(^)- 
Moreover, formal change of variables is of the form 

(1.2) Zi^z, + 0{z^). 

The McKay correspondence: Let X X = V/A be the crepant resolution given by the 
A- Hilbert scheme |CR| . and H C X the preimage oi H = W~^{'d) / K C X. We can explic- 
itly determine the geometry of which yields the description in our main theorem above. 
The categorical McKay correspondence |BKR| yields an equivalence D\^{V) = D^{X). We 
use an analogous result for Landau-Ginzburg branes [BH|QV]: Dsg,K{W-^{*d)) ^ D,g{H). 
This is a generalization of |Selj . section 12. 

In Appendix we prove one necessary technical result from Maurer-Cartan theory of pro- 
nilpotent DG Lie algebras. 

The sign convention. We will treat an Aqq- algebra as a Z- (or (Z/2)- )graded vector 
space equipped with a sequence of maps fi'^ : A^'^ — > yl of degree 2 — d (resp. of parity d ) 
such that the maps : A®"^ — t- A, where 

(1.3) mrf(a,, . . . , ai) = f^^a^, . . . , a,), 
define an A^o- structure in standard sign convention. 

Acknowledgements. I am grateful to D. Kaledin, A. Kuznetsov, S. Nemirovski, D. Orlov 
and P. Seidel for their help and useful discussions. 

2. KONTSEVICH FORMALITY 

Let be a DG Lie algebra over C. An element a € is called Maurer-Cartan (MC) 
element if it satisfies Maurer-Cartan (MC) equation 
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(2.1) 



da + - [a, a] = 0. 



There is a natural Lie algebra morphism from to the Lie algebra of affine vector fields 
on Q^; it maps 7 G g'^ to (a i— )• —d^ + [7,0]). It is easy to check that all vector fields in 
the image are tangent to the subscheme of solutions of (|2.ip . Thus, if these vector fields 
can be exponentiated, we obtain a group action on the set of Maurer-Cartan elements. 

We will need to deal with L^- morphisms between DG Lie algebras. Such a morphisn 
<I> : — )• f) is given by a sequence of maps : q®^ — > f). These maps are required to 
be anti-symmetric (in super sense) and to satisfy equations of compatibility with DG Lie 
algebra structures on g and \], see |LMj . In particular, is a morphism of complexes, 
and induces a morphism of Lie algebras in cohomology. 

Such <I> is called a quasi-isomorphism if <I>^ is a quasi-isomorphism. We will need the 
following statement, which is implied by Homological perturbation Lemma: 

Lemma 2.1. Let q he a graded Lie algebra considered as a DG Lie algebra with zero 
differential. Let I) be a DG Lie algebra, and ^' : g ^ f) an Loo- quasi-isomorphism. Take 
some morphism of complexes : t) ^ q together with a homogeneous map H : t) ^ i) of 
degree —1, such that 



Then <I> can be extended to an L^o- morphism <I> : f) ^ g, so that the higher order terms 
are given by a universal formulae, depending only on ^, and H. 
Moreover, one can choose $ in such a way that the composition <I> o vj/ equals to the 
identity L^o- morphism. 

Proof. For the proof of the first statement, see [ Selj , Lemma 2.1. Further, for the con- 
structed we have that the composition $ o ^ is an Lqo" automorphism of t). Define 
$' = (<|) o ^')~^<l>. Then satisfies the required property, and the higher order terms 
are again given by a universal formulae, depending only on <I>^ and H. □ 

In order to be able to exponentiate the gauge vector fields on g^, we will deal with 
pro-nilpotent DG Lie algebras. 

Definition 2.2. A DG Lie algebra g is called pro-nilpotent if it is equipped with a complete 
decreasing filtration g = Lig D L2Q D . . . , such that 



(2.2) 



^>^^^ = id 



^1$^ - id = ai? + 



(2.3) 



d{Lr5) C LrQ, [LrQ,LsQ] C Lr+sQ- 
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If is pro-nilpotent, then Lie algebra is also such, and hence can be exponentiated 
to a pro-nilpotent group by Baker-Campbell -Hausdorff formula. This group then acts on 
MC elements a G g^. We call two such elements equivalent if they lie in the same orbit of 
this action. 

Definition 2.3. Let g, i) be pro-nilpotent DG Lie algebras. An L^o- morphism $ : g ^ f) 
is called filtered if 

(2.4) ^''(irifl O • • • Lr,Q) C L^i+...+^J. 

Definition 2.4. A filtered L^-morphism <I> : g — )• {) of pro-nilpotent DG Lie alge- 
bras is called a filtered L^ - quasi-isomorphism if the induced morphisms of complexes 
LrS/Lr+iQ Lrl) / Lr+ii) are quasi-isomorphisms. 

Remark 2.5. In Lemma \2.1\ we can require g, \] to be pro-nilpotent, ^ to be filtered 
Lao- quasi-isomorphims, O'^d <I>^, H to be compatible with filtrations. Then the constructed 
Loo- morphism ^ is also filtered. 

If $ : g — 7> {) is a filtered L^q- morphism of pro-nilpotent DG Lie algebras, then we have 
an induced map on Maurer-Cartan elements 

(2.5) a^^i.ci,'=(a,...,a). 

k>l 

This map preserves equivalence relation (see Appendix). The following statement is an 
adapted version of the corresponding result in |Ko2j . 

Lemma 2.6. Let <I> : g — > {) be a filtered L^o- quasi-isomorphism of filtered DG Lie algebras. 
Then the induced map on equivalence classes of MC elements is a bijection. 

This lemma is proved in Appendix by using obstruction theory, similar to [GM] (or 
|EL02j for ^oo- algebras). 

Now we summarize the result of Kontsevich formality theorem |Ko2] , with some modifi- 
cations. Let y be a finite-dimensional C- vector space. By definition, the space of formal 
poly vector fields on V is 

(2.6) C[[F^]]0A(y) = JJSym*(F^)®A^'(y). 

If we assign to the summand C[[l^^]] (8) (V) the grading j — 1, then the whole space 
becomes a graded Lie algebra with respect to the Schouten bracket 
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(2.7) [/CnA---A^i„5eji A---A^,J = 

k 

^(-l)^-^(/5i,5)^i, A • • • A 1^ A • • • A A e,-, A • • • A 

9=1 

A • • • A S; A • • • A A A • • • A Ci,. 

p=l 

The MC equation on a G A^(F) says that a gives rise to a formal Poisson 

structure. The elements 7 G C[[F^]] (8) which are formal vector fields, act on Poisson 
brackets by their Lie derivatives. If the value of 7 at the origin vanishes, then it can 
be exponentiated to a formal diffeomorphism of V, and the resulting action on Poisson 
brackets is just the pushforward action by formal diffeomorphisms. 

Now let A be a graded algebra over C. Its Hochshild cochain complex CC'{A,A) is 
the space of multilinear maps: 

(2.8) CC'^{A,A)= Yl ^om^{A^\A). 

i+j-l=d 

The Hochshild differential and Gerstenhaber bracket are given by the formulas. 



(2.9) (W(a,-, . . . , ai) = Y^{-l)\'^\+M+-+M+>'^-\a„ a^+ia^, • • • , ai)+ 

k 

(_l)(H-i)(|ai|-i)+V-i(a.,...,a2)ai, 

and 
(2.10) 

[0, (a,-, . . . , ai) = Y,{-l)\^\(M+-+\a,\-k)^-i+i^^.^ ^ ak+i+i.^p\ak+u ■ ■ ■ , a^+i), a^, . . 
k,l 

^(_l)l^llV'l+l0l(|ai|+-+|a.|-*^)^i-;+i(a^., . . . , a^^^^^^ ^\ak+u ak+i),ak, • • • , ai). 
k,l 

Its cohomology is the Hochshild cohomology HH' {A, A) with grading shifted down by 1 
from the standard convention. Take a G CC^{A, A), i.e. a sequence of maps : A^^ — > A 
of degree 2 — j. Put 



(2.11) 



= for j 7^ 2; 
M^(a2,ai) = a^(a2,ai) + (-l)l''ila2ai. 
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The Maurer-Cartan equation for a says that the sequence of maps p^? satisfies the equation 
of a curved ^oo" structure. 

Remark 2.7. As we have already mentioned in Introduction, our sign convention differs 
from the standard one. To obtain an Aq^- structure in standard sign convention, one should 
put 

(2.12) mj{aj, ...,a^) = (-l)l"il+2k2|+-+.>,|^.(„^.^ . . . ^ 

Suppose that is finite-dimensional for all i, and take some 7 € CC^{A, A), with 
vanishing component 7" : C ^ A^. Put 



(2.13) 



!,i = id+71 + ^7^^ + . . . ; 



2 



In general, (p^ is obtained by summing over all ways of concatenating the components 
of 7 to get an r- linear map. The associated term is taken with the coefficient ^, where 
s is the number of ways of ordering the components, compatibly with their appearance in 
concatenation. If two MC elements a and a are related by the exponential action of 7, 
then the associated curved A^o- structures are related by 0, which is an A^o- isomorphism. 

Now let again y be a finite-dimensional vector space, and take A = A(y). It is a 
classical result (see [HKRj ) that HH {A, A) ^ C[[y^]](g)A(y). This isomorphism is induced 
by Hochshild-Kostant-Rosenberg map 

(2.14) ■.CC-{A,A) ^C[[V"']](^A{V). 

If one thinks of formal polyvector fields C[[y^]] (X" A(y) as A(y)- valued formal power 
series, then 



(2.15) $i(/3)(0 = ^/3^(^,...0- 

i>i 

Theorem 2.8. The map is the first term of some L^ - morphism which can he 
taken to he GL(y) - equivariant. 

Theorem 12.81 is implied by Kontsevich formality Theorem using Lemma 12.11 and reduc- 
tiveness of GL{V), see |Selj and Remark l2.9i 

Remark 2.9. In contrast to our situation, Kontsevich deals with the algehra of smooth 
functions on smooth manifolds. He proves that for each smooth manifold X the graded Lie 
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algebra of poly vector fields Tpoiy{X) is quasi-is amorphic to the DG Lie algebra of polydiffer- 
ential operators Dpoiy{X) . In the case when X is an open domain U in affine space M'^, 
he constructs an explicit L^ - quasi-isomorphism. One can replace the smooth functions by 
polynomials (or formal power series) over C, and his construction works as well. Then one 
exchanges even an odd variables, and obtains an L^q- quasi-isomorphism 

(2.16) ^ : CiiV"^]] (g) A{V) CC-{A, A). 

This ^ is GL{V)- equivariant, and using Lemma \2.1\ and reductiveness of GL{V), one 
obtains the required $ : GG'{A, A) C[[y^]] (gi A(y) which can be taken to be left inverse 
to 

3. Finite determinacy 

Put V = C^. Take the subgroup G C SL(V) which consists of diagonal matrices with 
{2g + l)-th roots of unity on the diagonal. Clearly, G = {'L/{2g + 1))^. Define the pro- 
nilpotent graded Lie algebra g as follows: 

(3.1) 0^ = JJ (Sym^ (g) A^y)^ 

2i+j-(4g-4)A;=3d+3 
k>Q,i>d+2 

The Lie bracket comes from Schouten bracket on polyvector fields, and Lrfl'^ is the part 
of the product which consists of terms with i > d + 1 + r. 
We can omit but remember that 

(3.2) 2i + j - 3(i - 3 > 0, and 2i + j - 3d - 3 = mod Ag - 4. 

Let F,C[[y^]] be the complete decreasing filtration, s.t. F,.C[[y'^]] consists of power 
series with no terms of order strictly less than r. Any Maurer-Cartan solution a € can be 
written as (a°,a2), where e F-iC[[V^]], and F2gC[[V'^]]® h?V. Any element 7G 
0° can be written as where 7^ E F2g_iC[[y^]] and 7^ e F2g-2C[[V'^]](^ K^V. 

We also have G-invariance condition, as well as condition on the components of a*, 7-^ 
coming from (j3.2p . 

Maurer-Cartan equation for a = {a^^a^) splits into the components 

(3.3) i[a2,a2]=0, [a^,o?] = Q. 

The first part says that gives a Poisson bracket {•,•}. The second one says that the 
Poisson vector field associated to is identically zero. Equivalently, is a cocycle in 
the Koszul complex C[[y^]] (8) A(y) with differential being contraction with da^ . 
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The exponentiated adjoint action of 7 = (7^,0) G on the solutions of MC equation 
is the usual action by formal diffeomorphisms. For 7 = (0,7^), this action is given by the 
formula 

(3.4) {a^,a'^) ^ {a^,a'^ + Ldaoj^). 
Take 

(3.5) W = -z,Z2Zs + zl3+' + zl^+' + zl'+' G C[y^]«. 

Then {W, 0) G is a solution of MC equation (as any other a G of type {a^, 0) ). 
Lemma 3.1. Any Maurer-Cartan solution (a^jO^) G Q^, such that 

W mod F2g+2C[[y^]] ifg^lmodS 

2g + l 

W + X{ziZ2Z3) 3 , where A G C if g = 1 mod 3, 



(3.6) a" = 



is equivalent to (1^,0). 

Proof. First we note that in the case {g = 1 mod 3 ) one may assume that A = 0. Indeed, 
in this case we have 

2g+l 23-2 2g~2 

(3.7) exp(Azi 3 ^2 ' ^3 ' ^ = 

2g+l 2g-2 2g-2 fifyO 

a^ + Xz^' ^ = W modF2g+2C[[V'']]. 

Thus, we may and will assume that = W mod F2g+2C[[y^]]. 

Let / C C[y^] be an ideal generated by i = 1,2, 3. It is easy to see that 

(3.8) z^zj G / + F2gC[[V'']] for i < j, zf'+^ G / • F2C[[V'']] + FigC[[V'']]. 
Indeed, for example Z1Z2 = — mod F2gC[[y^]], and 

Put W^g-i = . It follows from (j3.2p that contains only monomials of degree 
Z + {2g — 2)k, where A; > 0. The difference W — W^g-i does not contain monomials ^, 
since they are not G- invariant. It follows from (i3?8l) that W - W^g-i G / • F4g_3C[[y^]] + 
F6c,_3C[[y^]]. Therefore, there exist homogeneous polynomials /4c,-3,i, /4g-3,2, /4g-3,3 of 
degree (4^ — 3) , such that 

(3.10) W6g_3 = exp(/4g_3,l «) 6 + /49-3,2 ® 6 + /4g-3,3 O ^sYW^g-S 

dW dW dW 

= W2g+1 + h9-3,l-Q^ + /49-3,2^ + /49-3,3^ mod Feg-3C[[V'']] 

= W mod F6g_3C[[y^]]. 
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Moreover, we can take f4g-3,i such that (/4<;-3,i <^^i + /4g-3,2 (8)6 + /4<;-3,3 "^Cs, 0) S g°. 
We obtain a new formal function Wg^-s = ^ mod F6g_.3C[[y^]]. 

Now suppose that we are given with some formal function W^^^2g-2)kj where A; > 3, 
such that (VF3+(2g_2)fc,0) S and TV3+{2g-2)fc = mod F3+(2g_2)fcC[[y^]]. It follows 
from ^ that W - Ws+^2g-2)k e I ■ i^i+(2g-2)(fc-i)C[[y^]] + F3+(^2g-2){k+i)- Thus, there 
exist homogeneous polynomials /i+(2g-2){fc-i),i, /i+(2g-2)(fc~i),2, /i+(2g-2)(fc-i),3 of degree 
l + {2g- 2){k - 1) such that 

(3.11) 

exp(/i+(2c,-2)(A;-l),l (8) 6 + /l+(23-2)(fc-l),2 ^2 + /l+(2g-2)(fc-l),3 ® Cs)* W^3+(2(;-2)fc = 

W mod -F3+(23-2)(fc+i)- 
Again, the exponentiated formal vector field can be taken to belong to . We obtain a new 
formal function Ty3+(2g_2)(fc+i), such that {W^j^(2g-2)(k+i),^) ^ 0^ and W3+(2g-2){fc+i) = 
W mod F3+(23-2)(fc+i)C[[y^]]. 

Iterating, we obtain infinite sequence of formal diffeomorphisms, and their product ob- 
viously converges. As a result, our MC solution a is equivalent to (VF, a'^) for some 
G F2gC[[V^]] ® h?V. Since the quotient C[[V^]]/I is finite-dimensional, it follows 
that the sequence (f^jf^if^) is regular in C[[y^]], and hence the Koszul complex 
C[[y^]] K{V) with differential idw is a resolution of C[[V"^]]/I. Since a'^ is a co- 
cycle in the Koszul complex, we have that there exists 7^ G h?V such that 
idwil'^) = — a'^- Again, 7^ can be choosen to belong to g*^. By the explicit formula (13. 4p . 
the exponential of (0,7^) maps iW^a'"^) to (W^, 0), and we are done. □ 

4. Classification theorem 

Take the algebra A = h.{V) with standard grading ( deg(y) = 1 )• Consider the following 
DC Lie algebra f) : 

(4.1) f)'^ = JJ Hom^(^®\^)^n^ 

3i+i-(43-4)A:=3d+3 
fc>0,i>d+2 

The differential is Hochshild differential and the bracket is Gerstenhaber bracket. Again, 
is pro-nilpotent with respect to the filtration L,\], where L,.f)'^ is the part of the product 
which consists of terms with i > d + 1 + r. 

Theorem 12.81 implies the following lemma (see [Selj for detailed explanation). 

Lemma 4.1. There exists a filtered Loo- quasi-isomorphism ^ '■ ^ ^ Q, with being the 
obvious h- linear extension of Hochshild-Kostant-Rosenberg map. 
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Each a e t}^ consists of linear components a* with i > 3. Further, each a* has 
(finite) decomposition = + a\h + a^h^ + . . . , where 

(4.2) 4 G Hom^-=^^+(4s-4)^(^®^ Af. 

Note that if a| ^ 0, then {6-3i+{4g-A)k) < 3. It follows that a{ = for 3 < i < 
We will also need the following elementary observations: 



(4.3) L2gQ' = {h^Qy- 

(4.4) $^(Hom2"2^^(A®29^^)G) ^ {Sym'^s{V'^)^A^{V)f = 
C • ® (6 A 6) + C • ® (6 A 6) + C • zl^ ® (a A 6) if 5 ^ 1 mod 3 

c • (6 A 6) + c • ^2^^ ® (6 A 6) + c • zl' (6 A 6)+ 

2g+l 29+1 29-2 2g+l 2g-2 29+I 

C-z,' z^^ 23 3 0(6 Ae2)+C-Zi 3 2:33 ^(^3A^i)+ 

2g-2 29+1 2g+l 

C-z,' z^' z^' 0(6 A 6) if5 = lmod3; 

(4.5) $^(Hom-29-i(A®(2a+i)^^)G) ^ (Sym2s+^(y^)^ = 

'C • zl^+^ + C • + C • zl^+^ if 5 ^ 1 mod 3 

C • + C • Z2^+^ + C • 23^+^ + C • {ziZ2Z3)^ if 5 = 1 mod 3. 

Theorem 4.2. Up to equivalence, there is a unique Maurer-Cartan element a G t)^ such 

that $^(ao) = ~ziZ2Zz and 

(4.6) 

' zl'^^ + zl'^^ + ^3^^+' j/ 5 ^ 1 mod 3 

^2g+i _|_ -,29+1 _j_ 23^+^ + X[ziZ2Z^)^^ ^ where A G C if g = 1 mod 3. 

Proof. First we will replace a with another a' satisfying the assumptions of the theorem, 
and such that a'/ = for 3 < i < 2g. We will need the following 

Lemma 4.3. 1) Take some G f)° /to «^ the component Hom^-^*+(^»-^)(A®% A). T/ien 
/or each MC element a E we have 

(4.7) a' = exp(7i) ■ a = a - + [j,a] mod (h^i))^. 

2) If. moreover, i < 2g — 2, then we have that a' satisfies the assumptions of the 
theorem. 
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Proof. 1) This is evident. 

2) According to 1) and (|4.3p . we only need to check that the polynomial <I>^([7]^, aff'^'^^^]) 
does not contain monomials zf^~^^. But for degree reasons, for 2 < i < 2g — 2 we have that 
^2g+2 I yg^j^jgj-^gg -^yiieii rcstrlctcd to y®(29+2-«) _ Further, for 2 < i < 2g — ci, we have that 
7| vanishes when restricted to V^^. Therefore, in the case 2 < [7i,ao^^^ *] vanishes on 
yiX)(23+i)^ hence the assertion. 

Further, in the case i = 2g — 2, it suffices to notice that 7^^ ^(^f ^) = from the 
G- equivariance condition. □ 

Take the smallest io such that 7^ 0. Suppose that io < 2g. Since a is MC solution, 
we have that da''^ = 0. Denote by A = ^ A^(V) the augmentation ideal of A. Simple 

k>l 

degree counting shows that Hom^~^*°~*"^^~^(A®*'', ^) = 0. Since the reduced Hochshild 
complex embeds quasi-isomorphically to the standard one, we have that there exists 7^""^ € 
i)^ such that d'y^~^ = 0^". Then, it follows from Lemma l4.3l that a' = exp(7^°~"'^)a satisfies 
the assumptions of the theorem. Moreover, a'f = for 3 < i < iq. 

Iterating, we obtain some equivalent MC solution a' € f)^ satisfying the assumptions of 
the theorem and such that a'l = for 3 < i < 2g. Assume from this moment that a itself 
satisfies this property. 

Since a is MC solution, we have 

(4.8) dal = 0, dal'^ = 0, 5a^^+^ + [og, a^^] = 0. 
Therefore, a^^ satisfies the identity 

(4.9) [z^Z2Zs,<^\aln] = -[<i>Hal),<^\aln] = -<^\[alal']) = <^>\dal'+') = 0. 
From (|4.9|) and from (|4.4p we conclude that 

(4.10) 



$i(af) 



if (7 ^ 1 mod 3 

2g+l 23+1 2g-2 2g+l 23-2 23+1 

\'{z^' ^3' ®(eiAe2) + ^i' ^3' '»(6Aei)+ 
23-2 23+1 23+1 

z-^^ z^-' (g) (^2 A Cs)), A' G C if 5 = 1 mod 3. 



Simple degree counting shows that 
(4.11) 

a:=Y^ ^^"(a, ■■■,») = ^^"0) + ^^^a^^+^) + ^^(ag, a^^) mod L2gQ^ = (tfQ)^. 

n>l ^' 

Lemma 4.4. The polynomial <I>^(q!q, a^^) E Sym^^^"'^(y^) does not contain terms zf^^^. 
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Proof. If af^ G Rom.^~^^ {A^^9 ^ A) is a Hochshild cocycle homologous to a^^ and 7q € 

Rom-^{A^^,A), then 

(4.12) 

It follows from M.lOh that the RHS of the above chain of identities does not contain monomi- 
als Analogously, if a'^ G Rom"^ {A'^^ , A) is a Hochshild cocycle homologous to Uq 
and -fl^'^ G (^A^{2g-i) ^ j^-^^ tj^gj^ l^^ve that ^^{a'^ ,d-fl^'^) does not contain 
terms z'^^'^^ . Therefore, we may assume that 

(4.13) al = ^^^Hal), al^ = ^^al^ ) , 

where ^' : g — )• f) is (the obvious h- linear extension of) Kontsevich's L^o- quasi- 
isomorphism. Further, Lqo- morphism <I> can be taken to be strictly left inverse to ^, 
that is = Id (Remark 12. 9p . Under this assumptions, the coefficients of $^(aQ, 
the monomials zf^^^ equal to 

(4.14) ±^\<^>\al),^H'^l'mf"'''\ ^ = 1,2,3. 

From the precise formulas for ^>^(aQ) (= —2122-23) and ^^{al^) (formula (I4.10p ). as well 
as for the component ^'^ ( |Ko2| . subsection 6.4, with suitable changes) one obtains that 
(I4.14P equals to zero, as follows. In the notation of |Ko2| . subsection 6.4, for each relevant 
admissible graph F we have Ur{^^{aQ),^^{a1^)){£,f^'^^^^'^) = 0. Since is a linear 
combination of Ur, we obtain that ()4.14p equals to zero. □ 

Further, L2gg^ = (^^fl)^ consists of pairs (a'',a^) such that a" G F4g_iC[[y^]], and 
G F4g^2C[[V'^]] (g) A'^V. From (|4.1ip and Lemma HH] it follows that a satisfies the 
assumptions of Lemma 13.11 Therefore, a is equivalent to {W,0). By Lemma 12.61 ^ 
induces a bijection on the equivalence classes of Maurer-Cartan solutions. It follows that a 
with required properties is unique. □ 

We are interested in the following reformulation of the above Theorem. Suppose that 
we are given with a (Z/2)- graded Aqo- structure {n^,fj?,...) on A = A{V). Moreover, 
assume that all /i* are G- equivariant, /i^ = 0, /i^ is the usual wedge product, and for 
i > 3 we have (finite) decomposition ^u* = /^q + /i^ + . . . , where ^\ is homogeneous of 
degree 6 — 3i-|-(4(7 — 4)/c with respect to Z-gradings. Moreover, assume that for z & V C A 
we have 

(4.15) fil{z,z,z) = -Z1Z2Z3, 
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and 
(4.16) 

%2s+i + ^2,+i^^29+i if^^lmodS 

23+1 



2g+l ^ ^29+1 + ^23+1 ^ ^(^^^^^s) 3 , A G C if 5 = 1 mod 3. 

Then such a structure is determined uniquely up to G- equivariant vloo- quasi-isomorphisms. 
We denote this class of G- equivariant Aqo- structures by A'. 

5. Matrix factorizations 

Take V = and take some polynomial W G C[y^] such that the hypersurface W~^{0) 
has (not necessarily isolated) singularity at the origin. Following Orlov, associate to it the 
triangulated category of singularities: 

(5.1) D,,{W-H0)) = Dl,{W-\0))/Perf{W-\0)). 

Denote by Dsg{W^^(0)) the idempotent completion of Dsg{W^^{0)). The following 
Lemma easily follows from the results in |0r3| (see |Sel] for the proof): 

Lemma 5.1. If W has the only singular point at the origin, then the triangulated category 
Dsg{W^^{0)) is split- generated by the image of the structure sheaf Co- 
It turns out that the triangulated category Dsg(W~^{0)) is (Z/2)- graded, i.e. the shift 
by 2 in Dsg{W~^{0)) is canonically isomorphic to the identity (this follows from Theo- 
rem below). Matrix factorizations give a (Z/2)- graded enhancement of this category. 
A matrix factorization for W as above is a (Z/2)- graded projective (and hence free) 
C[y'^]- module together with an odd map ■ E ^ E, such that 6'^ = W - id (in particu- 
lar, E^ and E^ have the same rank). We call this map "differential", although its square 
does not equal to zero. Matrix factorizations form a strongly pre-triangulated D (Z/2)- G 
category MF{W). 

Theorem 5.2. /" |Or2j . Theorem 3. 9) There is a natural exact equivalence of triangulated 
categories Ro{MF{W)) ^ Dsg{W-\0)). 

This equivalence associates to a matrix factorization {E,6e) a projection of Cokev{6^ : 
E^ — )■ E^) (clearly, W annihilates this C[y^]- module, hence it can be considered as an 
object of Dl,^iW~\0))). 

Decompose the polynomial W into the sum of its graded components: 

k 

(5.2) W = ^Wi, WiG Sym^(y^). 

i=2 
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Take the one-form 

(5.3) ^ = w = Y,'^, Ty, G Sym^(y^). 

1=2 

Denote by r/ = ^ z^^^ the Euler vector field on V. 

Now take the matrix factorization {E,6e) with E = i^{V), and 5^ = + 7 A •. It is 
easy to see that 5'^ = 7(7/) ■ id = W ■ id. 

Lemma 5.3. (' [Selj . Lemma 11.3) The object Coker(5]j) is isomorphic to Oq in 

Take the D (Z/2)- G algebra 

(5.4) Bw ■='EndMF{w){E). 

By LemmaEHl it is quasi-isomorphic to the D (Z/2)- G algebra RHom£)^_^(-^y-i(o))(Co) C'o)- 
We have the following 

Corollary 5.4. Suppose that W has the only singular point at the origin. Then there is 
an equivalence Dsg(W~^{0)) = Pevf{Bw)- 

6. KOSZUL DUALITY 

In this section we describe more explicitly the DG algebra Bw introduced in 15.41 We 
also prove that in the special case of our LG model, it is (equivariantly) quasi-isomorphic 
to the AoD- algebra A' from the end of section H] (Proposition 16. ip 

Let V = C". Consider n{V) = C[y^] (g) A(y^) as a complex of C[y^]- modules with 

n 

deg(C[y'^] (g) A'^y^) = —k and differential irj, where rj = Zkik is the Euler vector field. 

k=l 

Consider the DG algebra B = Endc[yv] (0(y)). We have H {B) = K{V). Further, we can 
identify 

(6.1) B^n{V)(^K{V), 

where for / € Sym(yV), fi G A^F^, 9 G k{V) the element f/3 0e £ n{V) ® A{V) 
corresponds to the endomorphism //? A ig{-) £ B = Endc[yv](r2(y)). 

Explicitly, the differential d : 0,(y) A{V) U{V) (g) A{V) is given by the formula 

(6.2) d{f/3(g,e) = Lr,{f/3)(g,e. 

It is well known that DG algebra B is formal. Moreover, we can write down explicitly the 
quasi-isomorphism of DG algebras i : A{V) — )• B, 

(6.3) i{9) = l(E)e. 
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Also, consider the natural projection p : B ^ ■A(y). Clearly, pi = id^yy Further, ip 
differs from idB by homotopy given by the fromula 



(6.4) Kfp^d) 



if //3 = A, A e C 

^df A /3 (g) 6* otherwise, 

where w = r + s, / € Sym''(F^), /3 G A^{V^). Moreover, the maps h, p, i satisfy the 
following identities: 

(6.5) = 0, ph = 0, hi = 0. 

Now take the polynomial W G C[y'^] with singularity at the origin. It is clear that 
= B^'^, where B^ (resp. B^'^ ) is the underlying (Z/2)- graded algebra of Bw (resp. 
B ) . Denote the differential on Bw by d. We have the following explicit formula for the 
difference of differentials: 

n n 

(6.6) id - d)ifl3 9) = i-lf^-'Y.gkfl3 ® idz,9, where 7 = ^ yfedzfc. 

k=l k=l 

Prom Homological Perturbation Lemma we obtain a (Z/2)- graded j4oo- structure A on 
the graded vector space A together with A^- quasi-isomorphism A^ B. Explicit compu- 
tation of n'' : A'^'' — A goes as follows. Consider a ribbon tree with {k + 1) semi-infinite 
edges, k incoming and one outgoing, which has only bivalent and trivalent vertices. Asso- 
ciate with each vertex and each edge an operation as follows: 

for a bivalent vertex b ^ (-1)1^1 {d - d){b), B ^ B; 

for a trivalent vertex (62, 61) ^ (-l)l^il62?'i, B^^ B; 

(6.7) <J for a finite edge b ^ {-l)\^\-^h{b), B ^ B; 
for an incoming edge a — > i(a), A ^ B; 
for an outgoing edge b ^ p{b), B ^ A. 

Then each such tree gives a map A'^^ A in an obvious way. The explicit expression is 
just the sum of contributions of all possible trees. The sum is actually finite because 

(6.8) {d - d){C[[V'']] ® A*^(y^) ® A{V)) C C[[V'']] ® A*^(F^) ® A{V), and 

(6.9) HC[[V'']] (g) A'=(y^) ® A{V)) C C[[V'']] A^+i(F^) ® A{V). 

The components fk '■ A^^ B oi the ^00- quasi-isomorphism are defined in the same 
way with the only difference: to the outgoing edge one attaches the operation b — >■ h{b). 
Again, the sum over trees is actually finite. 

To see that /i is quasi-isomorphism, take the increasing filtrations by subcomplexes: 
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(6.10) FrBw = ^{V) ® A-'^(y), FrK{V) = A^^(y). 

Then the map /i : A(y) — > Bw is compatible with these filtrations, and it induces quasi- 
isomorphisms on the subquotients. 

Return to the special case V = C^, W = —ziZ2Z^ + z^^"*"^ + Zg^'*'^ + z^^^^ ■ Then we 
have 

(6.11) gi = ^+2;/, 52 = ^ + ^2' S3 = 3~ + ^3 • 

Proposition 6.1. In the above notation, the resulting A^q- algebra A is G- equivariantly 
equivalent to A{V) with the A^- structure A! from the end of section^ 

Proof. It is useful to take the following Z- grading on i? = ^(V) ® A(y). 

(6.12) deg(Sym^(y'^) A^V"^) A^{V)) = 2i-j + k. 

Then d has degree 3, h has degree —3. If we want d to have degree 3, we should 
introduce a formal parameter h with degree (4 — 4g). Further, we should write gi = 
— ^2M3 _|_ ji2:'^9 g^j^(^ analogously for other g^. The operations /i*^ are then decomposed as 
follows: fi'^ = Hq+ nfh + ^2^^ + • • • , with fif being of degree {6-3d+ {Ag - 4)k). Also, 
it is easy to see that all fj,'^ are G- equivariant. It is straightforward to check that /u^ = 0, 
and the usual wedge product (this follows from vanishing of the degree 2 component 
of W). Further, the only tree (see Figure 1) contributes to $^(/iQ), and it equals to 
—Z1Z2Z3. Analogously, the only tree (see Figure 2) contributes to $^(/i^^^^), and it equals 
to z'^^'^^ + Z2^^^ + z'^^'^^, as prescribed. This proves Proposition. □ 





Figure 1. Figure 2. 

From Corollary 15.41 and Proposition 16.11 we obtain the following 



Corollary 6.2. The category Dsg{W ^{0)) is equivalent to Perf(^'). 
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Further, Orlov's theorem can be extended to the equivariant setting. Let K C G he the 
cychc subgroup of order 2g + 1, generated by the diagonal matrix with diagonal entries 
iC,CX'^^~^), where C is the primitive (2^ + 1)- th root of unity. Then Z)sc,,_ft:(VF~^(0)) 
is equivalent to MFxiW). The projection of Oq C[K] split-generates Dsg,KiW^^{0)). 
In iC- equivariant matrix factorizations it corresponds to {^(V) (8) C[K],Lrj + 7 A •). Its 
endomorphism DG algebra is naturally isomorphic to the smash product C[K]^Bw , which 
is further ^00- quasi-isomorphic to C[K]^A'. The result is 

(6.13) Dl^iW-Ho)) ~ Perf(C[K]#^')- 

7. Reconstruction theorem 

The results of this section will not be used in the proof of main theorem. 

Here we show that one can recover the polynomial W (up to formal change of variables) 
from the Aqo- structure on A{V) transferred from D (Z/2)- G algebra Bw, as in the pre- 
vious section, for general W. Our proof is based on Kontsevich formality theorem, and on 
Keller's paper [Kelj . 

More precisely, our setting is the following. Let k be any field of characteristic zero and 
y = k", n>l. Consider a polynomial = G k[yV], with Wi G Sym^(yV). Take 

i=3 

the D (Z/2)- G algebra Bw- We have the canonical isomorphism of super-algebras 

(7.1) A{V)^H-iBw). 

Theorem 7.1. Let W, W' be non-zero polynomials as above. Suppose that DG algebras 
Bw CLiT-d Bw' CLi"s quasi-isomorphic, and the chain of quasi-isomorphisms connecting Bw 
with Bw' induces the identity in cohomology via identifications ()7.ip . Then W' can be 
obtained from W by a formal change of variables of the form 

(7.2) Zi^z, + 0{z^). 

Proof. We introduce four pro-nilpotent DG algebras. First define the DGLA g by the 
formula 

(7.3) 1"= n (SymXF^)0A^■(F))•;^^ 

j-2k=d+l 
k&,i>d+2 

and LrQ'^ is the part of the product with i > d+1 + r., r>l (the differential is zero, and 
the bracket is Schouten one). Further, put 

(7.4) \)i= n (Hom•'■(A(y)®^A(y))•n^ 

i+j-2k=d+l 
k£Z,i>d+2 
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and Lrt)i is the part with i > d+l + r (the differential is Hochshild one and the bracket is 
Gerstenhaber one). Now, take the "lower" grading on k[[yV]], with k[[yV]]^ = Sym'^(yV). 
Of course, k[[y^]] is the direct product of its graded components, but not direct sum. For 
the rest of this section we will denote the standard grading by upper indices, and the "lower" 
grading by the lower indices. Define the DGLA f)2 by the formula 

(7.5) ^1'= n (Hom,,(k[[n]«\k[[n])-/i', 

i-2k=d+l 
keZ,i>0,j'+2k>l. 

with Lri)2 being the part of the product with j' + 2k >r. 

Now take the Koszul DC k[[yV]]-A(F)- bimodule X = A(y^)(g)k[[y^]] with the "upper" 
and "lower" gradings Xj, = K^^iV^) Sym^ (^^)) ^^id with differential of bidegree 
(1, 1). Define the DGLA Q by the formula 

(7.6) Q'^ = fu'' e ^1'' e H Bomi,{A{Vf''®X®k[[V'']f'\X)-h'', 

il+i2+j-2k=d 
2fc+i'-i>l 

where the differential and the bracket are induced by those in the Hochshild complex of the 
DG category C, where 

- ObiC) = {Yi,Y2}; 

- Homc(yi,yi) = k[[yv]]; 

- YLouic{Y2,Y2) = k{V); 

- Home (Fi, 1^2) =X; 

- Homc(y2,n) = 0, 

Composition law in C comes from the bimodule structure on X (and from algebra 
structures on k[[y^]], kiV) ). Thus, the DGLA structure on Q is defined. Further, define 

(7.7) LrQ'^ = i^rf)i'^©-i^rf)2'^© (part of the product with 2/c + j' -j > r), r > 1. 

It follows from [Kelj . Lemma in Subsection 4.5, that natural projections pi : Q ^ hi, 
i = 1,2, are quasi-isomorphisms of DGLA's. Moreover, both pi,p2 are filtered quasi- 
isomorphisms, as it is straightforward to check. 

According to |Ko3j . one can attach to all Kontsevich admissible graphs (relevant for the 
formality theorem) rational weights, in such a way that they give formality L^- quasi- 
isomorphism (i.e. satisfy the relevant system of quadratic equations). In this way we obtain 
filtered Loo- quasi-isomorphism U : — > fl2- 

Since pi,p2M ars filtered Lqo- quasi-isomorphisms, we have by Lemma 12.61 that the 
composition pu o {p2*)~^ o ^* : MC{q) — > MC(f)i) is a bijection between the sets of 
equivalence classes of MC solutions in g and 
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To prove the theorem, we need to prove that, under the assumptions of the theorem, MC 
equations W, W € are equivalent. Indeed, this means that W is the pullback of W 
under the formal diffeomorphism of V with zero differential at the origin. Therefore, it 
suffices to prove the following 

Lemma 7.2. Under the above bijection between equivalence classes of MC solutions, the 
class of W & corresponds to the class a £ iji of the (7^/2)- graded) A^q- structure on 
A{V) transferred from Bw to H-{Bw)= HV). 

Proof. First note that U^{W, . . . ,W) = for > 1, and U^{W) has the only constant 
component which is equal to W. 

Denote by /i = (/i^, /i^, . . . ) the A^o- structure on A(F) = H'{Bw) transferred from By/, 
as in the previous section. Let A be the resulting A^o- algebra. Denote by / = (/i, /2 • • • ) 
the Aoo- quasi- isomorphism A — > Bw- Also denote by /o € B\y the multiplication by the 
1- form 7. We can consider fi as maps fi : ^4®* (81 X — > X. Now define a € with 
components /z*, i > 3, fj, j > 0, and W £ t)2 • Then d is MC solution, 

(7.8) pi(a) = a, and p2(a) = U^(W) = V ^U^(W, ...,W). 

^-^ k\ 

k>l 

Thus, classes of MC solutions W G and a € f)^ correspond to each other. Lemma is 
proved. □ 

Theorem is proved. □ 

It follows from the proof of the above Theorem that there exists filtered L^o- morphism 
$ : {)i ^ such that the polynomial W can be reconstructed from Bw as follows. Take 
a G {)i to be MC solution corresponding to the j4oo- structure on A{V) transferred from 
Bw- Put 

(7.9) /? = j;i|>'=(a,...,a). 

k>l 

Decompose /3 into the sum /S" + /S^ + . . . + /32[t]^ ^ith /^^i e k[[FV]] ® A'^^V). Then W 
can be obtained from (3^ by a formal change of variables of type (j7.2p . 

Remark 7.3. Note that in Theorem \7.1\ we required our polynomials W, W not to have 
terms of order 2, and also required the induced isomorphism H'{Bw) H {fSw') to be 
compatible with identifications (17.11) . The reason is that in general Maurer-Cartan theory 
for DGLA 's works well only in the pro-nilpotent case. However, it should be plausible that 
in the case k = C one can drop these assumptions. Of course, in this case one also should 
drop the requirement on the change of variables to be of type (j7.2p . 



HOMOLOGICAL MIRROR SYMMETRY FOR CURVES OF HIGHER GENUS 



21 



8. The Mckay correspondence 

Take V = and K C G C SL(V) be as before. The quotient V/K has a canonical 
crepant resolution 



^.11 



X = HilbK(V) ^ V/K. 



More elementary, X can be given by a fan describing it, due to the paper |CR| . Take 
N C M.^, N = Ij^ + Z, ■ 2g+i (^1 1' 2^ — !)• Now, if we take a fan S consisting of a positive 
octant and its faces, then we have Xj] = V/K. To describe X, we should subdivide the 
fan S. Namely, take the fan S' consisting of the cones generated by 

(8.2) (-J—(k,k,2g + l-2k),-^{k + l,k + l,2g-l-2k), {1,0,0)), 0<k<g-l; 
2g + 1 2g + l 

(8-3) iir^ik, k,2g + l- 2k), :r^{k + l,k + l,2g-l- 2k), (0, 1, 0)), < A; < 5 - 1; 
2g + 1 2g + l 



(8.4) 



(:7^(5,5,1),(1,0,0), (0,1,0)), 
2g + 1 



and all their faces (see Figure 3 for the case = 3 ) . Then X = Xy.' ■ 

(0.1,0], 



(0,0,1] 




i;o,o) 



Figure 3. 

The exceptional surface C X corresponding to the vector 2^^{k, k,2g + 1 — 2k) G A'' 



IS 



.5) 



the rational ruled surface F2g+i-2k = ^CF^iO 0{2g + 1 - 2k)) ioi 1 < k < g - 1 
CP2 for k = g. 
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The surfaces Yi and Yj have empty intersection if |i — jj > 2. Further, the surfaces 1^ 
and Yi^i intersect transversally along the curve Cj C X, where 1 < i < g — 1. The curve 
Ci is 

(8.6) 

the "oo-section" Pcpi {0{2g + 1 - 2i)) C Pcpi (C 0{2g + 1 - 2i)) ^ on Yi for 1 < i 

the "zero-section" F„i{0) C Pcpi(C C(25 - 1 - 2i)) ^ Yi+i on y^+i for 1 < i 

the hne on CP^ ^Yg ioi k = g 

The function W E C[y^] is IT- invariant, hence gives a function on V/K, and on X. 
The LG model (X, W) is a mirror to the genus g curve. The only singular fiber of W on 
X is Xq =: H. The surface H has irreducible components Hi, . . . , Hg^i, where Hi 

is Yi defined above for I < i < g, and -f^g+i is the proper pre-image of W~^{0) C F/i^. 

The divisor H has simple normal crossings. We have already described the intersections 
between Hi for 1 < i < g. Further, the intersection Hi n -ff^+i is: 

(8.7) 

the section Pcpi (O x (yo^/i, ^0"^' + vl'^^)) C Pcpi (0(2) 0(2^ + 1)) ^ Hi for i = 1 

the union of two fibers {yoVi = 0} C Pcpi(C 0{2g + 1 - 2i)) for 2 < i < 

a non-degenerate conic in CP^ = Hg for i = g. 

Here (yo : yi) are homogeneous coordinates on CP^. 

The triple intersection Hi //j+i Hg^i consists of two points for each 1 < i < g — 1. 
The corresponding dual CW complex of this configuration is homeomorphic to S'^. 

Theorem 8.1. The triangulated category Dsg{H) is equivalent to Dsg^K{W^^{0)). 

Proof. This follows from [BKR| and [BP], Theorem 1.1. Alternatively, Theorem is implied 
by \QV\, Theorem 8.6. □ 



Denote by Dsg{H) the split-closure of the triangulated category of singularities Dsg{H). 



Corollary 8.2. There is an equivalence Dsg{H) = Perf (C[^^]#^')• 
Proo/. Indeed, this follows from Theorem 18.11 and the equivalence (j6.13p . □ 

9. FUKAYA CATEGORIES 

Let M be a compact oriented surface of genus > 2. Choose a symplectic for u on M. 
Let vr : S{TM) — )• M be a bundle of unit circles in the tangent bundle (it does not depend 
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on Riemann metric). Fix a 1- form 9 on S(TM), such that d6 = tt*uj. The definition of 
the Fukaya category J-{M) involves the equivalence class of 6 modulo exact 1- forms. 

Consider some connected Lagrangian submanifold of M, i.e. just simple closed curve 
L C M. Let a : L —?■ S(TM)^i be the natural section for some choice of orientation on 
L. The curve L is called balanced if a*9 = 0. This property does not depend on the 
orientation on L. Contractible curves can not be balanced. Every other isotopy class of 
curves in M contains a balanced representative, which is unique up to Hamiltonian isotopy. 

Objects of the Fukaya category F{M) are balanced curves L C M equipped with 
orientations and spin structures. For each two objects Lq, Li of J-{M) we choose a family 
of functions (-fft)tg[o.i] such that the associated Hamiltonian isotopy (cpt) has the property 
that 01 (Lq) is transverse to Li. The morphism space between Lq and Li in T{M) is 
the associated (Z/2)- graded vector space 

(9.1) Hom^(M)(Lo,ii) = CF(Lo,Li) = Cx. 

xeLon0^^(Li) 

The generator x is even if the local intersection number is —1, and is odd otherwise. 

Take some objects Lq, . . . , Ld for some d > 1. Let xq € M be a point that gives rise to a 
generator of CF'{LQ,Ld) and analogously Xk ^ M for CF'{Lk-i,Lk), 1 < k < d. Making 
some choices of auxiliary data, one obtains a moduli space of perturbed pseudo-holomorphic 
polygons. Points in this space are represented by maps u : S ^ M, where 

1) 5 is a {d + 1)- pointed disc, i.e. a Riemann surface isomorphic to the closed disk 
minus {d + 1) boundary points. The points at infinity are denoted by (^o,...,Cd- Their 
ordering is fixed in a way compatible with the clockwise cyclic order. We denote by d^S 
the boundary component between Cfc and Cfe+ii for < k < d — 1, and by ddS the 
boundary component between Q and Co- Further, u : S —?■ M is a smooth map satisfying 
the condition u{dkS) C Lk- Near infinite points Cfc, we have convergence to Xk (in some 
to be specified sense). Also, u satisfies the inhomogeneous Cauchey- Riemann equation 

(9.2) 2^^^ ~^ Jz{u{z)) o duoi) = Uz{u{z)), 

where i is the complex structure on S, J is a family of almost complex structures on M 
parameterized by 5, and z/ is the inhomogeneous term. 

2) J and v are the auxiliary data, which should be chosen carefully. 
For details of the definition, see |Se2) . 

Every perturbed pseudo-holomorphic polygon u has an associated virtual or expected 
dimension vdim(u), defined using index theory. For generic choice of auxiliary data, the 
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moduli space will be regular, hence smooth and of dimension vdim(n) near any u. More- 
over, there will be only finitely many u € A4{xo, . . . ,Xii) with vdim('u) = 0. There is 
a particular signed count of such points (where the signs depend on the Spin structures, 
among other things), denoted by m{xo, . . . ,Xd) G One defines the Aqo- structure on 
T{M) by setting 

(9.3) fJ''^{xd, . . . , xi) = ^ m{xo, Xd)xo. 



We will use the following Seidel's version of the definition of morphisms and higher 
products /i^ in the Fukaya category T{M), which works under some assumptions, and is 
sufficient for our purposes. 

Fix some complex structure on M and a finite collection C of objects in the Fukaya 
category, which are in general position. From this moment, we will consider only curves 
from this set. For Lq ^ Li, let CF' (Lq, Li) be the direct sum of 1- dimensional spaces 
Cx, where x G Lq Li. The generator x is even if the local intersection number of Lq 
and Li equals to —1, and odd otherwise. 

Further, for Lq = Li = L fix some generic point * G L and define CF'{L,L) := 
Ce © Cq, where e and q are even and odd respectively. Let {Lq, Li, . . . , L^) 
be a collection of objects, and let xq,xi, . . . ,Xd be generators of Floer complexes 
CF' {Lq, Ld),CF' {Lq, Li), . . . ,CF' {Ld-i, Ld) respectively. Define A4{xq, . . . , Xd)' to be the 
moduli space of maps n' : 5 — > M, where is a (d + 1)- pointed disk, u'{dkS) C L^,, and 
u' is holomorphic. If the generator Xk corresponds to transversal intersection point, then 
we require lim u'{z) = Xk- If Xk is of the type e or q, then u' is required to extend 



over C,k- Further, in the cases ( A; = and xq = e), {k > Q and Xk = q) we impose the 
condition u'{C,k) = *■ Otherwise u'{C,k) G Lk can be arbitrary. 

Lemma 9.1. (^ |Selj . Lemma 5.3) All u' G M.{xq, . . . ,Xd)' which are non-constant, are 
regular points. The virtual dimension at such a point is at least the number of k such that 
no point constraint are imposed on u'{(k)- Equality holds iff u' is an immersion, extends 
to a map with no branching at Xk which are of type e and q, and is locally embedded as 
a convex corner at those Xk which are transverse intersection points. 

We define m{xQ, . . . , Xd) to be the signed count of points u' G ^A{xQ, . . . , Xd)' such that 
vdim(u') = 0, assuming that all these u' are regular and there are only finitely many of 
them. 

We will need another space M.{xq, . . . ,Xd) of holomorphic polygons which can break 
into pieces. A point in this space is the following data: 
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1) A planar tree T with (d + 1) semi-infinite edges and with vertices of valency > 2. 
The regions of \ T must be labelled with Lq, . . . ^L^ in the anti-clockwise order. The 
semi- infinite edge separating Lq and is called a root. Consider a flag in T, i.e. a pair 
(edge, adjacent vertex). This edge separates two regions labelled by Li,Lj. We attach to 
it a generator of CF' {Li, Lj). If the edge is semi-inflnite and separates Lk-i,Lk (resp. 
LdjLo) then the corresponding generator is the given Xk (resp. xq) If Lj ^ Lj, then 
we require the generators associated with both flags containing this edge to coincide. If 
Lj = Lj, then the flag closer to the root should carry q is generator, and the other one 
should carry e as generator. 

2) For every vertex v of valency (r + 1) in T we want to have (r + 1)- pointed disc 
together with a stable holomorphic map u'^ : M. The vertex is surrounded by regions 
labelled (Lj^, . . . ,Li^), where io < • • • < We require u'^{dkSy) C Lj^.. Further, the flags 
containing our vertex give generators of Floer complexes, and we impose the conditions on 
the behavior of u'^ near as above. 

We still denote such an object by u' . It has a virtual dimension which can be computed 
as the sum of virtual dimensions of holomorphic polygons attached to the vertices, and then 
adding 1 for each flnite edge separating regions labelled by Lj ^ Lj. 

Proposition 9.2. ( |Selj . Proposition 5.4) Let (Lo,...,Lrf) and {xq, . . . ,Xfi) be such that 
each point u' G A4{xo, ■ ■ ■ ,Xd) with vdim(ti') < is regular. Suppose that A4(xo, . . . ,Xd) 
contains no points of virtual dimension < 0. Then, by making appropriate choices in the 
definition of the Fukaya category, one can achieve that m{xQ, . . . ,Xd) = rn(xo, . . . ,X(i)' . 

Corollary 9.3. Take (Lo,...,L^) S C Then, by making appropriate choices, one can 
achieve that m{xQ, . . . , Xd) = m{xQ, . . . , Xd)' in the following two situations: if the Lk are 
pairwise different; or only two of them coincide and these two are either (Lfc_i,Lfc), or 

(Ld, Lq). 

Now we consider some examples. 

Constant triangles. Let Lq ^ Li. Then the constant triangle at any point x £ Lq f] Li 
contributes to the products 

(9.4) fi\e,x),fi\x,e) : CF-{Lq,Li) ^ CF-{Lq,Li); 

(9.5) ^?{x, x) : CF-{Li,Lq) ® CF{Lq, Li) ^ CF-{Lq, Lq). 

No non-constant triangles can contribute to these products, and taking signs into account 
one obtains 



(9.6) 



^l'^{x,e) = X, fi\e,x) = i-lpx, fi\x,x) = {-Ipq. 



26 



ALEXANDER I. EFIMOV 



Further, 

(9.7) f?{e, e, ) = e, //^(e, q) = -q, ^?[q, e) = q, n^{q, q) = 0. 

Non-constant polygons. Here the Spin structures become essential. We encode them 
picking a generic marked point o ^ * on each L. 

Consider pairwise distinct curves Lq,. . . ,L(i and take the generators of corresponding 
Floer complexes xq, . . . , Xd- Further, let u' E M.{xq^ . . . , Xd)' be of virtual dimension zero. 
Suppose that Li, . . . , are oriented compatibly with the anti-clockwise orientation on 
dS, and none of the points o lies on the boundary of u. Reversing the orientation of L^, 
< k < d, changes the sign by (— l)!^*^!. Reversing the orientation of changes the sign 
by (— Finally, each time when the boundary of u' passes through one of the 
points o G Lfc, the sign changes by (—1). 

The other case we are interested in is when Lq = L^, and Lq,. . . are pairwise 

distinct. Take u' G M{e, xi, . . . , X(i) with vdim(u') — 0. If Li, . . . , are oriented com- 
patibly with the anti-clockwise orientation on 55, and the boundary of u' does not meet 
o, then u' contributes with the sign +1. Otherwise the sign counting is the same as in the 
previous case. 

10. Split-generators in Fukaya categories 

Suppose that A is some (Z/2)- graded ^oo- category with weak units, and E G Perf(^) 
is an object which split-generates Perf(^). Then it is well-known that the natural 
^oo- functor Hom(— : Perf(^) — )• Perf (End(i?)) is a quasi-equivaelence, see |Ke2j . 

Let Lq,Li be two objects of the Fukaya category T{M), and the Spin structure on Li 
is non-trivial. The Dehn twist r^^ is a balanced symplectic automorphism of M, hence 
tLi{Lo) is again balanced. According to |Selj and |Se2j . we then have the following exact 
triangle in D'^F{M) : 

(10.1) HF\Li,Lo)®Li^ Lo^TL.iLo). 

We will need the following two Lemmas from [Selj. 

Lemma 10.1. (" [Selj . Lemma 6.1) Let Li,...,Lr be objects of J-{M) whose Spin struc- 
tures are non-trivial. Suppose that Lq is another object, and tl^ . . .tl^[Lq) = Lq[1]. Then 
Lq is split- generated by Li, . . . , L,.. 
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Lemma 10.2. (^SelJ, Lemma 6.2) Let Li, . . . ,Lr be objects of J-{M) whose Spin struc- 
tures are non-trivial and which are such that tl^ . . . tl^ is isotopic to the identity. Then 
they split- generate F{M). 

11. Gradings 

Since M is not Calabi-Yau, the (Z/2)- grading on M cannot be improved to Z- gradings. 
However, one can improve the situation as follows. Fix a complex structure on M and take 
a meromorphic section rf of the line bundle T*M®'^ . Let D be its divisor. For any 
oriented L d M \ Supp(L') we have natural map L ^ S^, defined by the formula 

(11-1) ' , , 

where X is a tangent vector to L at x, which points in the positive direction. An 
i- grading on L is a real-valued lift of this map. Let J-{M, D) be a version of Fukaya cate- 
gory, with the only difference that Lagrangian submanifolds L should lie in M \ Supp(D), 
and come equipped with ~ grading. In particular, we have full and faithful A^o- functor 
F{M,D) -^T{M). 

Suppose that two objects Lq,Li of J^(AI,D), which have only transversal intersection. 
Then each x G Lq (1 Li, is equipped with an integer i^{x). Namely, let a G (0, vr) be 
an angle counted clockwise from TLq^^ to TLi-j,. Let ao(x), ai{x) be the values of 

gradings of Lq and Li respectively. Then 

(11.2) f{x) = ^« + «i(^)-«o(^). 

TT 

If r is odd, then i^{x) mod 2 coincides with the value of (Z/2)- grading on x. Further, 
if Lq = Li, then i^'{e) = 0, i^{q) = r. 

Let u € A4{xo, . . . , Xd) be one of the perturbed pseudo-holomorphic polygons which 
contribute to the ^oo- structure of J-{M,D). Then it follows from the index formula that 

(11.3) f (xo) - r(xi) f (xrf) = r(2 - d) + 2 ^ ord(??^ z) deg(n, z). 

Now suppose that for all points z E Supp(L') the order ord(7?'',z) is the same positive 
integer m > (in our application to genus g curves, m will be equal to {2g — 2) ). With 
respect to our Z- gradings (x) , the higher operations ^* will decompose into the sum 

(11.4) ^ = ^ + ^ + ,,,^ 

where A; > 0, are homogeneous maps of degree r(2 — d) + 2mk. 
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12. Orbifolds 

Let M be a Riemann surface with its finite set of orbifold points D. Near each z ^ D 
we have a chart in which the neighborhood of z is represented as a quotient of disc by a 
cyclic group 'L/iso{z), where iso{z) > 2. We require that the orbifold Euler characteristic 

(12.1) XorbiM) = xtopiM) - Yl ''"^1 T ^ 

is negative. Then there exists a 1- form on S(TM) such that d9 equals to the pullback 
of (D — the orbifold symplectic form on M. 

Let I : L ^ M be an immersion, where L is a circle, and write L for its image. As 
before, L is called balanced if the integral of the pullback of 9 with respect to the natural 
map L S{TM). Further, the self- intersections of L are required to be generic, and we 
also require absence of teardrops: 

Definition 12.1. Let x_,x+ € x_ ^ x^, and /(x_) = /(x+) = x. Denote by H the 
closed upper half-plane. A tear-drop is a pair {u,w), where u : H M \ D is a smooth 
immersion, and w : dH L is a smooth map, such that I o w = u\Qff, and lim = x±, 
lim u{z) = X. 

We also put a Spin structure on L. One can work out Floer theory for such L, together 
with Fukaya higher products, see |Selj . section 8. 

Assume now that our orbifold M is a quotient of some actual Riemann surface M by 
the finite group F, and L comes from some embedded L C M. This implies the absence 
of teardrops. For each generator x of CF'{L, L), we have the associated element 7 S F. 
Write the corresponding decomposition of the Floer complex as 



(12.2) CF{L,L) = ^CFiL,Ly 
Then it is clear that 

(12.3) /{CF- (Z, Ly" (^■■■(g)CF- (Z, Z)^i ) c CF- (Z, Ly^--'^ . 

Suppose that F is abelian. Then we have the action of the group of characters G = 
Hom(F,C*) on CF {L,L) : g e G acts on GF-{L,L)^ with multiplication by 5(7). 

Now, take the collection of curves "y{L), 7 G F. These are all non-trivial lifts of Z onto 
M. Then it is elementary that we have G- equivariant A^o- isomorphism 

(12.4) CF-(7o(i),7i(i)) = C[G]#C7F-(Z,Z). 

70,71 
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13. FUKAYA CATEGORY OF A GENUS g >3 CURVE 

It is convenient to represent the genus g curve M as a 2- fold covering of CP^ , branched 
in (2(7 + 2) points: (2g + 1)- th roots of unity and 0. Take the curves Li, . . . , L2g+i, which 
are preimages of intervals [C'^iC^]; [C^X^]t ■ ■ AC'^^^^^C^]^ [C^^jC^] respectively, where ( = 
exp( 2^" )■ The special case g = 3 is shown in Figure 4. 




Figure 4. Figure 5. 



Lemma 13.1. The curves Li, . . . , L2g+i, equipped with non-trivial spin structures, split- 
generate D'^F{M). 

Proof. Take the curves Ki,...,K2g, which are preimages of intervals 
[C^ ,C^],[C^ ,C'^]j ■ ■ ■ i[C^^~^ X'^^] respectively (the special case g = 3 is illustrated in 
Figure 5). Then by [Maj we have {TK2g ■ ■ ■ '^Ki)'^^'^'^ ~ id. From Lemma 110.21 it follows 
that the curves Ki,...,K2g, equipped with non-trivial spin structures, split-generate 
D'^F{M). Further, it is straightforward to check that TL2g+i ■ ■ -TLiiKi) is isotopic to 
Xi[l]. Thus, it follows from Lemma 110.11 that Ki is split-generated by Li, . . . , L2g+i. 
Analogously, all the other Ki are split-generated by Li, . . . ,L2g+i. 

Hence, Li,...,L2g+i split-generate D'^F{M). □ 

We now compute partially the Aqo- algebra CF'{Li,Lj). Our computation is 

l<i,i<23+l 

in fact analogous to the computations in |Selj . Section 9. 

Take a natural S = '^/{2g + 1)- action on M which lifts the rotational action on CP"^. 
The quotient M/T, is a sphere M with 3 orbifold points. Denote the set of orbifold points 
by D. 

Explicitly, the hyperelliptic curve M is given (in affine chart) by the equation 



(13.1) y2 ^ ^(^2,+i _ 
The generator of S acts by the formula 

(13.2) (y,z)^(C^+iy,Cz). 
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We have that C(M)^ ^ C(^), hence t = is a coordinate on an affine chart 

C C CP^ = M. The set T) consists of the points t = 1, t = —1, and t = oo. 

Each of the curves Li projects to the same curve L C M. It lies in C\{— 1,1} C M 
and has the same isotopy type for all g > 3. The case = 3 is shown in Figure 6. We 
have natural S- equivariant j4oo- isomorphism, as in (|12.4p : 

(13.3) CF-{L,,Lj)^C[^]#CF-{L,L). 

l<i,i<2g+l 

The super vector space CF'{L,L) has 8 generators: two standard e (even) and q 
(odd), together with three pairs ( (even),Xi (odd)), 1 < i < 3, coming from each self- 
intersection point of L (see Figure 6). Take F = 7r^''''(M), and put F = [F,F]. Then F is 
naturally the quotient of (Z/(2gf + l))^ by the diagonal subgroup Z/{2g-\rl). The class of 
our immersed curve L in F is trivial, hence the generators of CF'{L,L) are labelled by 
the weights which are elements of F. 

Further, take a meromorphic section r/^ of {T*M)'^'^, having double pole at each point 
of D. Explicitly, 

(13.4) T]^ - ^ ' 



(t_ 1)2(^ + 1)2- 

Each generator of CF'{L,L) is equipped with additional integer grading, together with 
weight in F : 



generator 


e 


Xl 


X2 


X?, 




weight 


(0,0,0) 


(1,0,0) 


(0,1,0) 


(0,0,1) 




index 





1 




1 


1 




generator 


Xl 








x^ 




weight 


(0,1,1) 




(1,0,1) 


(1,1,0) 


(1,1,1) 




= (-1,0,0) 


= (0,-1,0) 


= (0,0,-1) 


= (0,0,0) 


index 


2 




2 




2 


3 
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Figure 6. 

Since the A^o- structure is homogeneous with respect to T by (|12.3p we have that fi^ = 0. 

Further, the inverse image of t/^ on M has three poles of order {2g — 2). Therefore, 
according to ()11.4p , we have a decomposition ^* = /ig + ^| + . . . , where //^ has degree 
6 - 32 + (45 - A)k. 

For degree reasons, /i| vanishes for A; > 0. Further, according to ()9.6p . (|9.7p . we have 

(13.6) ii^{xi,e) = Xi = -i?{e,Xi), //^(xj, e) = Xj = ^^(e, Xj), i?{q,e) = q = -^?{e,q), 

ix^{q, q) = 0, /i^(xi, Xi) = q = -^^(xj, Xj). 

Further, there are only six (taking into account the ordering of the vertices) non-constant 
triangles which avoid D. To determine the sign of their contributions, choose generic points 
o ^ * on L, as in Figure 6. Then we have 

(13.7) /i^(xi,X2) = X3 = -/i^(x2,xi); 

^^^{x2,x^) = xi = -/i^(x3,X2); 

l^^{x?.,Xl) = X2 = -/i^(xi, X3). 

Further, one of the triangles (passing through * ) can be thought as a four-pointed disc 
with one of the vertex being *. It gives contribution to 

(13.8) /io(a;3,X2,xi) = -e. 
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Further, /iQ(xj^, Xjj, a^jj = for (ii,i2;^3) 7^ (3,2,1), since such an expression is a 
multiple of e (for degree reasons), and all the relevant spaces A^(e, , Xj^, a^jg) are empty. 

There are six holomorphic {2g + 1)- gons in our picture. Namely, each point Xi & L 
breaks the curve L into two loops 7', 7" • Choose the orientations on them in such a way 
that they go anti-clockwise around the corresponding orbifold point ty = ty. . Then for 
each such loop 7^ we have a bi-holomorphic map Vj : S M, where 5" is a 1- pointed 
disk. The image of vj is the area bounded by jj and containing the orbifold point t^y^. 
Also require vj to map the center of S to t^. and the marked point to the corresponding 
Xi. Further, define Uj to be the composition of Vj with the map z — > z^^"*"^. Then uj 
maps the {2g + l)-th roots of unity to Xj. 

Further, each Uj hits exactly one of the points of D and has {2g + 1)- fold ramification 
there, and no ramification elsewhere, which means that it lifts to a genuine immersed 
{2g + 1)- gon in M . We take the three {2g + 1)- gons that go through * , and determine 
their contributions to Hi^^^, namely: 



(13.9) fif' {xi,...,Xi) = e. 

Now identify CF'{L,L), mapping e to 1, Xi to ^j, xi to ^2 A ^3 and analogously 
for other Xi, and q to —^1 A ^2 A ^3. Then, it follows from the above computations and 
Theorem 14.21 that the resulting Aqq- structure on A(y) is G = Hom(r, C*)- equivariantly 
^oo" isomorphic to A' from the end of the section HI The covering M — t- M is classified by 
the surjective homomorphism F — )• S, which is dual to the inclusion K C G. Combining 
this with Lemma 113.11 and p2.4|) , we obtain the following 

Corollary 13.2. We have an equivalence D'^T{M) = Perf (C[i^]#^')- 

Corollaries 18.21 and 113.21 imply the main 

Theorem 13.3. There is an equivalence TJ^giH) = D'^F{M). 

14. Appendix 

Here we prove the statement of Lemma 12.61 It is in fact standard, but we could not find 
a reference. Fix some basic field k of characteristic zero. 

In fact one can define, following Getzler [Ge] a simplicial set ^AC,{Q) for any pro-nilpotent 
Loo- algebra, such that i:q{\AAC,{q)\) is the set of equivalence classes of MC solutions in q. 
Further, one can prove that filtered Lqo- quasi- isomorphism <!• : g — )• f) induces a homotopy 
equivalence of these simplicial sets. However, we prove in this Appendix precisely what we 
need. 
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Let be a nilpotent (in the standard sense) DG Lie algebra. Denote by MC{q) the 
set of MC solutions. We have the nilpotent group exp(0^), which acts on AfC(g) as it is 
described in Section [3 

Now let f) C be a DG ideal such that [q, t)] = 0. We have natural maps vr : g — )• g/f) 
and TT^ : MC{q) MC(g/f)). Then one has the following obstruction theory. 

Proposition 14.1. 1) There is a natural map 02 ■ MC{q/1)) H^{^) satisfying the 
following property: if a G MC(g/f)), then the following are equivalent: 

(i) The set T[~^{a) is non-empty. 

(a) 02(0) = 0. 

Moreover, if a,f3 MC(g/f}) are equivalent then 02(a) = iff 02(/3) = 0. 

2) Suppose that a G MC(g/f)) is such that the set {'K^)^^{a) is not empty. Then there 
is a natural simply transitive Z^{t}) -action on the set {'K.^:)^^{a). 

3) Let a, f3 G MC(g/f)) and X G (g/f))'^ be such that exp(X)(a) = /3. Suppose that 
the set (7r*)^"'^(Q) (and hence also (7r*)~^(/3) ) is non-empty. Take a {[))- action on 

CLS in 2) and on (7r^,)~^(a) inverse to the action in 2). Then there exists a 
natural Z^{i))- equivariant map 

(14.1) of : (TT^r'ia) X i7T,)-\f3) ^ H\t,) 

satisfying the following property: if a £ (7r*)~^(a), /? S then the following are 

equivalent: 

(Hi) there exists an element X £ such that 7r{X) = X and exp(X)((5;) = /3. 
(iv) of (q,/3) = 0. 

4) Let a,l3e MC(g), and let X G (g/f))° be such that exp(X)(7r^,(Q)) = 7r*(/3). Suppose 
that the set {7r^)^^{X) = {X € \ exp(X)(Q) = /3} is non-empty. Then there is a natural 
simply transitive action of Z^{t)) on the set {7:^)^^{X). 

Proof. 1) Let a G MC(g/f)). Take some a G g^ such that 7r(a) = a. Then it is easy to 
check that. T{a) := da + ^[q!,q;] G Z'^{q). Define 02(a) to be the class of J^{a). 

Check that this is well defined. Take some other lift a' G g^ of a. Since a — a' G f) is 
central, we have that J-'{a) — T{di') = d{a — a'). Therefore, 02(a) is well defined. Now we 
prove that (i) (ii) . 

(i) ^ (ii). Let d G MC(g) be such that 7r*(a) = a. Then Tia) = 0, hence 02(a) = 0. 

(ii) (i). Let d G g^ be such that 7r(d) = a. Since 02(a) = 0, there exists u ^\y^ such 
that T{q) = d{u). Then d — u G MC{q) and 7r*(d — u) = a. 

Now, suppose that a,/3 G MC(g/f)) are equivalent, and X G {d/i))^ is such that 
exp(X)(a) = /3. Suppose that 02(a) = 0. Take some lift d G MC(g) of a, and a lift 
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X e 0° of X. Then exp(X)(d!) G MC{q) is a lift of /3, hence 02(/3) = 0. Analogously, 
vanishing of 02(/3) implies vanishing of 02(a). 

2) The desired action is just the translation one. It is obviously simply transitive. 

3) Let a £ (n^y^a), ^ £ {ir^)-^{f3). Take some lift X G 9° of X. Define of (a,/3) to 
be the class of /3 — exp(X)(a) in H^{t)). 

First check that this is well defined. Let X' G be another lift of X. Then we have 
that 

(14.2) (/3 - exp(l)(a)) - (/3 - exp(X')(a)) = d{X - X'). 

Therefore, the map of is well defined. It is clear that it is Z^(f))- equivariant. Now 
prove that (iii) (iv) . 

(iii) (iv). It suffices to choose X £ such that exp(X)(d;) = /3. 

(iv) =^(iii). Choose some lift X £ of X. Since of (a,/3) = 0, there exists u G t)^ 
such that /3 — exp(X)(Q) = du. Then exp(X — u){a) = j3 and i:{X — u) = X. 

4) The desired action is just the translation one. It is obviously simply transitive. □ 

Let g be some pro-nilpotent DG Lie algebra. 

Now we recall the notion of homotopy between two exponents in exp(0'^). If a G 0^ is 
an MC solution, then we have the deformed differential da{u) = du+ [Q,n]. 

Definition 14.2. Let a, a' G he MC solutions, and let X^Y £ he such that exp(X) • 
a = exp(y) ■ a = a' . Then an element H G g"^ is called a homotopy hetween X and Y 

(14.3) exp(y) = exp(X) exp{daH). 

It is clear that for each X and u as in definition there exists precisely one 1" G g'' such 
that li is a homotopy between X and Y. 
Now we prove the special case of Lemma 12.61 

Proposition 14.3. Let <I> : g — )■ f) he a DG filtered quasi-isomorphism of pro-nilpotent 
DG Lie algebras. Then the induced map <I>* : MC(g)/exp(g°) — ^ MC(f})/exp(f)°) is a 
bijection. 

Proof. 1) First we prove that the induced map on the equivalence classes of MC solutions 
is surjective. Take some r > 1. Denote by vri : g/L,._|_ig — > g/L^g, 7r2 : f)/L,r+if) — )• Q/Lri) 
the natural projections. Clearly, it suffices to prove the following 

Lemma 14.4. Take some a G MC{q/ Lr-g). Suppose that there exists (3 G MC{i)/Lr+it}) 
such that TT2^:{P) = $*(a). Then there exists a G MC(g/Lr.+ig) and X G L.f.f)''/Lr+ill'', 
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such that iTu{a) = a, and 

(14.4) = exp(X)(/3) = p-dX. 

Proof. First, we have that 02(<&*(a)) = <I>(o2(a)). Since iT2*i(3) = ^*(a), we have by 
Proposition 114. Il that 02(<&*(a)) = 0. Since <I> is filtered quasi-isomorphism, we have that 
02(a) = 0. Therefore, by Proposition 114. H there exists some a G MC{q/ Lj,+ig), such that 
7^u{a) = a. 

Let u G Z'^{LrQ/Lr+iQ). Then we have that o?(<I>*(a + u), /3) = oi(<I>*(d), /?) - $^(n). 
Again, since ^ is filtered quasi-isomorphism, we can choose u in such a way that 0]'($*(q; + 
u), /3) = 0. In this case, by Proposition 114. 11 3). we have that there exists X G Lrl)^ / Lr+il)^ , 
such that ^'*(a) = exp(X)(/3). Lemma is proved. □ 

Surjectivity is proved. 

2) Now, prove that our map is injective. Take some r > 1. Denote by vri : g/L^+ig — > 
g/LrQ, TT2 ■ l)/Lr+ii) d/Lri) the natural projections. Clearly, it suffices to prove the 
following 

Lemma 14.5. Let a,f3 e MC{g/Lr+iQ), X G (g/L,.g)°, and Y G MC(f)/L,.+if)) he such 
that exp(y)($^,(a)) = <I>*(/3), exp(X)(7ri^,(a)) = vri^,(/3), and $(X) = ■K2(X)- Then there 
exists Sonne X G (fl/^r+ifl)'^ suc/i that 

(14.5) 7ri(X) = X, exp(X)(a) = /3, 

anrf *I'(^) is homotopic to Y (as a homotopy between <!>*(«) and <l'*(/3) J. 

Proof. First, we have that $(of (a,/3)) = of ^^^(^>* (a), $*(/?)). By Proposition [iH] 3), 
we have that of ^"'^^ ($*(«), $^,(/3)) = 0. Since ^ is filtered quasi-isomorphism, we have 
that Oi{a,/3) = 0. Therefore, by Proposition 114.11 3). there exists some X G (flZ-^^r+iS)*^ 
such that (114.51) holds. It follows from Proposition 114.11 4) and surjectivity of the map 
H^{LrQ/Lr+iQ) — > (L^ fj/L^+i f)) , that X can be choosen in such a way that Y — ^(X) = 
du for some u G {Lj.\) / Lj.+ih))~^ . Then it is a homotopy between $(X) and Y. Lemma 
is proved. □ 

Injectivity is proved. □ 

To prove Lemma 12. 6^ we need first to modify the notion of homotopy between MC 
solutions (so that it generalizes naturally to pro-nilpotent L^o- algebras). Denote by Vti 
the commutative DG algebra of polynomial differential form on the affine line. Denote by t 
the parameter on the line. If g is a DG Lie algebra, then g (8) is also a DG Lie algebra. 

In the case when g is pro-nilpotent, we may and will consider the completed tensor 
product: 
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(14.6) Q^Qi := lim(0/L,.0) Qi. 

This is also naturally filtered pro-nilpotent DG Lie algebra. We have natural inclusion 
'■ Q ^ Q^^i which is a filtered quasi-isomorphism. Further, for each to ^ k we have the 
evaluation morphism ev^^ : 0(8>i^i — > 0, which is left inverse to l, and hence is also filtered 
quasi-isomorphism. 

Proposition 14.6. Let q be a pro-nilpotent DG Lie algebra. Take some a,(3 € MC{q). 
Then the following are equivalent: 

(i) a and (3 are homotopic. 

(ii) There exists some A £ MC{q^^i) such that evo*(vl) = a and evi*(^) = /3. 

Proof. (ii)=>(i). From Proposition 114.31 we deduce that A is homotopic both to i*(a) and 
i^{f3). Again by Proposition 114.3] we have that a and f3 are homotopic. 
(i) => (ii). Take X G such that exp(X)(a) = /3. Then it suffices to put 

(14.7) A = exp{tX) {a)+X® dt. 

□ 

From this moment, by a homotopy between MC solutions a, /3 in the pro-nilpotent 
DGLA we mean an MC solution A G 0(8)^^1 such that evo*(^) = a and evi*(^) = /3. 
We also modify the notion of homotopy between homotopies. 

Definition 14.7. Let A,Be MC{q^Qi) be homotopies between a,f3 e MC{g). We call 
A and B homotopic if 

(14.8) B = exp(a^('u)t) exp(t(l - t)X){A), 
where X G 0'^(i)ri5) ^^f^d u G 0^^. 

We need to adapt the obstruction theory for our modified homotopies. 

Proposition 14.8. Let q be a nilpotent DGLA, and \] <Z q be its central DG ideal, and 
: — )■ the natural projection. Let a,f3(z MC{q). 

1) There is a natural map A i— > o^(a,/3) which assigns to each homotopy A G 
MC((0/f)) rJi) between 7r*(a) and vr=i,(/3), an element o^(a,/3) G //""^(f)), such that 
the following are equivalent: 

(i) There exists a homotopy A G MC{q(^Q.i) between a and j3 such that ^^.{A) = A. 

(ii) of{oi,l3) = 0. 
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2) Suppose that A is the homotopy between TT^{a) and 7r*(/3). Then there is a natural 
transitive action of H^{q) on homotopy classes of elements in the set {-k^:)~^{A). Here 
{'K^)^^{A) is the set of homotopies A between a and (5 such that 7r^<(A) = A. 

Proof. 1) Take some element A G (g^ili)^ such that 'k{A) = A, evo(>l) = a, evi(^) = (3. 
Put J^(i) =dA + \[A,A]. Then F{A) is a cocycle in the complex ^®L' <Z where 

(14.9) L'cl^i, L° = t(l - i)17?, L^=9\. 

Clearly, we have that H^{L') = 0, H^{L') = k, and the natural projection ^ k is 
given by the formula 

N N 

(14.10) J^^aifdt ^ ^T^. 

i=0 i=0 ^ ~'~ 

We define of{a,l3) to be the class of J'(i) in H^{t)) ^ H^{[}(g)L-). The checking of 
correctness and equivalence (i) 4^ (ii) is analogous to that of Proposition 114.11 1). 

2) Suppose that the set {■k^:)^^{A) is non-empty (otherwise there is nothing to prove). It 
is clear from the proof of 1) that there is a simply transitive translation action of the group 
Z^(f)(X'L ) on the set {it^)^^{A). Further, any coboundary b in [)^L' can be represented 
as d{L{du)t + X), where X G f) L*^ and u G f). Thus, we have that 

(14.11) i + 6 = exp(9;3(M)t)exp(X)(i) 

— homotopic to A. Therefore, we have the desired transitive action of H^{\)). □ 

Now we are able to prove Lemma 12.61 

Proof of Lemma \2. 61 Proof of surjectivity is the same as in Proposition 114.31 

Now we prove the injectivity. Take some r > 1. Denote by vri : g/L^+ifl Q/LrQ, 
7r2 : f)/Lr_|_if) d/Lrl) the natural projections. It suffices to prove the following 

Lemma 14.9. Let a,/3 G MC{g/Lr+is), A G MC{{g/LrQ) f^i), and B G 
MC{{\)/ Lr+i\]) (8) J^i) be such that B is the homotopy between $*(a) and <I>*(/3), A 

is the homotopy between 7ri*(a) and vri^,(/3), and $=i,(^) = ■n2{B). Then there exists some 

homotopy A G MC{{q/ Lj.q) between a and (3 such that 7ri^,(yl) = yl, and ^^{A) 
is homotopic to B. 

Proof. This follows from Proposition 114.8] analogously to Lemma 114.51 □ 

Lemma is proved □ 
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